
Estimating the value of e by simulation

The probability density function of the continuous uniform distribution is:

f(x) =

{
1

b−a a ≤ x ≤ b

0 x < a or x > b.

The Irwin-Hall distribution is the continuous probability distribution for the
sum of n independent and identically distributed continuous uniform random
variables Uk with parameters a = 0 and b = 1. Let X =

∑n
k=1 Uk; the cumula-

tive distribution function of X is given by

FX(x;n) =
1

n!

bxc∑
k=0

(−1)k
(
n

k

)
(x− k)n.

Let F 1
X(n) , FX(1;n), then

F 1
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)
(1− k)n

=
1

n!

(
(−1)0
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(1− 0)n + (−1)1

(
n

1

)
(1− 1)n

)
=

1

n!
.

Lemma 1 ([1]). Let V = min{n|U1 + U2 + . . .+ Un > 1}, then E[V ] = e.

Proof. Let Pr(A) be the probability of A and recall Pr(A∩B) = Pr(A|B) Pr(B).

Pr(U1 + U2 + . . .+ Un > 1 ∩ U1 + U2 + . . .+ Un−1 ≤ 1)

= Pr(U1 + U2 + . . .+ Un−1 ≤ 1)− Pr(U1 + U2 + . . .+ Un ≤ 1)

= F 1
X(n− 1)− F 1

X(n) =
n− 1

n!
.

Then

E[V ] =

∞∑
n=2

n(F 1
X(n− 1)− F 1

X(n)) =

∞∑
n=2

n
n− 1

n!
=

∞∑
n=0

1

n!
= e.
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