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Abstract. Inventory theory provides methods for managing and controlling inventories under different constraints and environments. We
consider a class of production/inventory control problems that has a
single product and a single stocking location, when a stochastic demand
with a known non-stationary probability distribution is given. A control
policy for this type of inventory system is the one where the objective
is to find the optimal number of replenishments, their timings and their
respective order-up-to-levels that meet customer demands to a required
service level. Two different models have been presented so far to solve
this problem to optimality: a MIP model and an efficient CP model. In
both these models negative orders are not allowed, so that if the actual
stock exceeds the order-up-to-level for that review, this excess stock is
carried forward and not returned to the supply source. Since this event is
assumed to be rare, in both the models its effect is ignored. We present
a global constraint that lets us to compute exact buffer stock levels for
the CP model by considering the effect that carrying excess stock has
on the service level in each period of our planning horizon. An extended
version of this paper hasn’t been submitted to the technical programme.
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Introduction

We consider the class of production/inventory control problems that refers to
the single-location, single-product case under non-stationary stochastic demand.
In this problem the following inputs are given: a planning horizon of N periods;
and a demand dt for each period t ∈ {1, . . . , N }, which is a random variable
with probability density function gt (dt ). We will assume without loss of generality that these variables are normally distributed and that the demand occurs
instantaneously at the beginning of each time period. The demand we consider
is non-stationary, that is it can vary from period to period, and demands in
different periods are assumed to be independent. A fixed delivery cost a is considered for each order and also a linear holding cost h is considered for each unit
of product carried in stock from one period to the next. We assume that it is
not possible to sell back excess items to the vendor at the end of a period. As
a service level constraint we require the probability that at the end of each and

every period the net inventory will not be negative set to be at least a given
value α. Our aim is to minimize the expected total cost (ordering costs and
holding costs) over the N -period planning horizon, satisfying the service level
constraints.
Different inventory control policies [4] can be adopted to cope with the described problem. A policy states the rules to decide when orders have to be placed
and how to compute the replenishment lot-size for each order. One of the possible policies that can be adopted is the replenishment cycle policy (R, S). Under
the non-stationary demand assumption this policy takes the non-stationary form
(Rn , S n ), where Rn denotes the length of the nth replenishment cycle, and S n
the order-up-to-level values for each replenishment. In order to provide a solution for our problem under the (Rn , S n ) policy we must populate both the sets
Rn and S n .
The first complete solution method for this problem was introduced by Tarim
& Kingsman [2], who proposed a certainty-equivalent Mixed Integer Programming (MIP) formulation for computing (Rn , S n ) policy parameters. Tarim &
Smith [1] introduced a more compact and efficient Constraint Programming
(CP) formulation of the same problem that showed a significant computational
improvement over the MIP formulation.
Both the MIP and the CP formulation assume that negative orders are not
allowed, so that if the actual stock exceeds the order-up-to-level for that review,
this excess stock is carried forward and not returned to the supply source, but
since this event is assumed to be rare, in both the models its effects are ignored:
– The cost of carrying excess stock is ignored, therefore the actual cost of a
policy can be higher than the one provided by the model.
– The event of carrying excess stock can have a significant impact on the
service level of the next periods, in particular it could be possible to exploit
excess stock to provide the required service level keeping lower buffer stocks.
This paper extends the CP model presented in [1] by dropping its service level
constraint, which is based on a matrix computed a-priori, and by expressing such
a constraint as a global constraint able to dynamically compute exact buffer
stock levels during the search. It has to be noticed that while in CP the former
assumption can be relaxed using a dedicated global constraint, this is not possible
in MIP, where buffer stocks have to be pre-computed. CP is therefore not only
a more efficient way than MIP for dealing with stochastic inventory control as
shown in [1], but it is also a mandatory choice if we want to compute the optimal
solution for the (Rn , S n ) policy. The paper is organized as follows. In Section
2 we describe the CP model for the (Rn , S n ) policy. In Section 3 our global
constraint that computes exact buffer stock levels is introduced. In Section 4 we
give an example that shows the effectiveness of our approach.
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A CP model

In this section we review the CP formulation for the (Rn , S n ) policy proposed
in [1]. For a detailed discussion of Constraint Programming see [5]. The CP

formulation presented in [1] for the (Rn , S n ) policy is as follows:
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and is implemented using the element constraint, and Gdj +dj+1 +...+di is the
cumulative probability distribution function of dj + dj+1 + . . . + di . It is assumed
that G is strictly increasing, hence G−1 is uniquely defined.
Each decision variable I˜t represents the expected inventory level at the end
of period t. The binary decision variables δt state whether a replenishment is
fixed for period t (δt = 1) or not (δt = 0). The objective function (1) minimizes
the total expected cost over the given planning horizon. Two terms contribute to
the overall expected cost: ordering costs and inventory holding costs. Constraint
(2) enforces a no-buy-back condition, which means that received goods cannot
be returned to the supplier. As a consequence of this the expected net inventory
at period t must be no less than the expected net inventory in period t + 1 plus
the expected demand in period t. Constraint (3) expresses the replenishment
condition. We have a replenishment if the expected net inventory at period t is
greater than the expected net inventory in period t+1 plus the expected demand
in period t. This means that we received some extra goods as a consequence of
an order. Constraint (4) enforces the required service level α. This is done by
specifying the minimum buffer stock required for each period t in order to assure
that, at the end of each and every time period, the probability the net inventory
will not be negative is at least α. Buffer stock levels in matrix Φ are computed
a-priori for each replenishment cycle, therefore they don’t take into account the
effect that excess stock from former periods has (Fig. 1).
It is not possible to compute a-priori such an effect, because for each buffer
stock related to a given replenishment cycle, this effect directly depends on the
length of former replenishment cycles. In order to take this effect into account
we can implement a global constraint that dynamically computes buffer stock
levels depending on the current partial assignment of the δi variables.

Fig. 1. Effect of excess stock: the buffer stock computed a-priori assures a 95% service
level, but the combined effect of excess stock in the given policy produce a higher actual
service level
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A new service level global constraint

In this section, in order to describe our global constraint, we will exploit the
following property of buffer stocks.
Property 1. The buffer stock for any replenishment cycle depends only on the
length of former replenishment cycles and not on subsequent cycle lengths.
We will consider now a two replenishment cycle case (Fig. 1) in an N period
planning horizon, then we will give an idea about how it is possible to extend it
in a recursive fashion to the case of M subsequent replenishment cycles.
The planning horizon is made up of two consecutive replenishment cycles, let
us call them R1 and R2 . Let Oi be the opening inventory level for Ri . We assume
that O1 is known (Property 1). We define P (H) as the probability of the event
”observing a demand higher than O1 − O2 during R1 ”. P (Dx ) is the probability
of the event ”observing a demand equal to x, where x ∈ {0, ..., O1 − O2 }, during
R1 ”. Sy is the service level at the end of R2 if a buffer stock y is hold. Then the
correct buffer stock for R2 can be computed as the minimum value b s.t.
PO1 −O2
(P (Di ) − P (Di−1 )) · Sb+O1 −O2 −i
i=0
P (H) · Sb +
· (1 − P (H)) ≥ α
(6)
PO1 −O2
i=0

(P (Di ) − P (Di−1 ))

where O2 = d˜2 + b. For the two replenishment cycles case, this can be rewritten using the following extended form
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where Q = O1 − O2 − d˜1 , G−1 is the inverse normal cumulative distribution
function, σi is the standard deviation of the demand for the replenishment cycle
i. Notice that if the opening inventory level of R1 is smaller than the opening
inventory level of R2 , obviously the former cycle has no influence on the buffer
stock and Condition 6 becomes Sb ≥ α. Furthermore, if the computed b is s.t.
R2 ≤ R1 − d˜1 , we just set the buffer stock to the minimum value allowed, that

is R1 − d˜1 − d˜2 . Finally we should observe that, since we are using the standard
normal distribution function and not a truncated normal distribution, the right
.
term in the sum has to be normalized to PO1 −O2(1−P (H))
i=0

(P (Dx+1 )−P (Dx ))

Let us see how to apply this computation during the search. At each node of
the search tree if at least a decision variable δi , i ∈ {1, ..., N } that has not been
assigned yet exists, we don’t enforce any service level constraint. Otherwise if ∃δi
s.t. δi = 1, we know that a replenishment cycle starts in period i and it covers
subsequent periods till the minimum j, j ≥ i s.t. δj+1 = 1 or j + 1 > N . We now
exploit Property 1, which assures that we can consider subsequent replenishment
cycles in our planning horizon in a sequential fashion. Therefore we can generate
the buffer stock for the first replenishment cycle, which is not affected by any
other replenishment period. Then we can generate the buffer stock for the second,
which is only affected by the first one, whose buffer stock is known, etc. Each
time we compute the buffer stock level b for a replenishment cycle we can remove
from the domain of It , where t is the last period in the replenishment cycle, every
value smaller than b.
We now describe briefly how it is possible to extend this computation to
the case of M replenishment cycles. The key idea is that the buffer stock of a
replenishment cycle Rj will be affected only by former replenishment cycles, until
the first Ri−1 , i − 1 < j, whose opening inventory level is smaller than the one of
Ri . Let Oi be the opening inventory level of Ri . Now P (H) is the probability of
the event ”observing a demand higher than Oi − Oj during {Ri , ..., Rj }”, while
P (Dx ) is the probability of the event ”observing a demand equal to x, where
x ∈ {0, ..., Oi − Oj }, during {Ri , ..., Rj }”. It is now easy to extend Condition 6
to compute the buffer stock b for Rj .
POi −Oj
(P (Di ) − P (Di−1 )) · Sb+Oi −Oj −i
i=0
· (1 − P (H)) ≥ α
(8)
P (H) · Sb +
POi −Oj
i=0
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(P (Di ) − P (Di−1 ))

An example

We now present an example to compare the solution provided when our global
constraint is used and the one provided by the original CP model. We assume an
initial null inventory level and a normally distributed demand with a coefficient
of variation σt /d˜t for each period t ∈ {1, . . . , 4}. The expected values for the
demand in each period are {120, 70, 50, 40}. The other parameters are a = 150,
h = 1, σt /d˜t = 0.4, α = 0.8(zα=0.8 = 0.8414). In Table 1 the optimal solution
found when our global constraint is used to dynamically generate buffer stock
levels is compared with the one obtained using the matrix Φ. It is possible to see
that by computing correct buffer stock levels we obtained a less costly policy,
still meeting the required service level of 80%. In fact were able to keep lower
stocks in the last two periods exploiting the effect of excess stocks carried on
from former periods.

Original buffer stock computation
Policy cost: 548
I1 117 δ1 1 Service 99.2
I2 47 δ2 0 Service 80.4
I3 62 δ3 1 Service 100
I4 22 δ4 0 Service 82.8

Dynamic buffer stock computation
Policy cost: 542
I1 117 δ1 1 Service 99.2
I2 47 δ2 0 Service 80.4
I3 59 δ3 1 Service 99.8
I4 19 δ4 0 Service 80.1

Table 1. Optimal solution comparison
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Conclusions

In [1] Tarim and Smith showed that CP is a more natural and efficient way,
compared to mathematical programming, for expressing constraints for lot-sizing
under the (Rn , S n ) policy. In this paper we showed that in CP it is also possible
to dynamically consider during the search the effect of excess stocks, which
are carried from former replenishment cycle, on the buffer stock level of a given
period. When the service level constraint is expressed using the global constraint
we presented, we showed that the CP model can provide a better solution than
the one produced by the MIP model or by the original CP model presented in [1].
Unfortunately the current implementation is not as efficient as the original CP
model. As a future extension we plan to incorporate cost based filtering methods
in the model in order to improve the search process.
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